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Computation of Three-Dimensional Viscous 
Flow Between Convergent Traveling Surfaces 

The Marker-and-Cell numerical technique has been adapted to develop 
a method of solution for three-dimensional, unconfined, isothermal flow of 
a highly viscous, Newtonian fluid in a region bounded by two, nonparallel 
traveling surfaces. Results are reported only for plane and elliptical surfaces, 
but the analysis is general enough to handle any shape of interest. 

A computer program was developed which can be used to generate and 
plot the flow and pressure fields. Numerical results were obtained for the 
special case of symmetrically opposed convergent surfaces for a wide range 
of conditions. 

EDDY A. HAZBUN 
and 

STUART W. CHURCHILL 
School o f  Chemical Engineering 

University of  Pennsylvania 
Philadelphia, Pennsylvania 19104 

SCOPE 
A computer program was developed for prediction of 

the transient and steady flow of a highly viscous fluid be- 
tween two wide, symmetrically opposed traveling surfaces. 
This method of forming plastic sheet is asserted by Bort- 
nick et al. (1970) to be superior to the conventional system 
of fixed extruder die and takeoff rollers. The fluid is intro- 
duced between the moving surfaces as a jet as indicated in 
Figure 1. It  undergoes changes in pressure and velocity 
that are governed by the volumetric rate of flow, the 
properties of the fluid, and the vertical spacing, velocity, 
and curvature of the traveling surfaces. The fluid is as- 
sumed to be Newtonian, incompressible, and isothermal. 

The distinguishing characteristics of this process are 
the free boundaries of the fluid and the three-dimension- 
ality. The process is described in terms of a mathematical 
model which is based on the general differential equations 
for the conservation of mass and momentum. A functional 

dependence is postulated for the variation of the velocity 
components in the vertical direction, and the resulting 
two-dimensional equations are solved numerically in the 
unsteady state using a modified form of the Marker-and- 
Cell method to keep track of the boundaries of the fluid. 
This is one of the most complex problems of flow that has 
yet been solved. It involves complexities not previously 
encountered with the Marker-and-Cell method. Hence the 
development of the general method of solution is described 
in considerable detail. The finite-difference representation 
which is more conventional is not described in detail. 

The objective of the study has been to develop a 
method for prediction of the behavior of polymer melts 
during the forming of sheets. The investigation covers a 
range of flow conditions of practical interest and two 
configurations for the traveling surface. 

CONCLUSIONS AND SIGNIFICANCE 
Results in the form of tabulations and plots of the 

transient velocity and pressure fields were obtained di- 
rectly from the computer. Typical results for two repre- 

sentative cases, one for convergent surfaces and the other 
for elliptical convergent surfaces, are presented in Figures 
5 to 16. The conditions for these two cases are summa- 
rized in Table 2. Figure 5 shows the location of fluid parti- 
cles at a series of times for the first case. Such plots could 

Chemicals, Port Clarence, Teesside, England. fluid. The location of the free boundary at a series of times 
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is shown in Figures 6 and 11 for the two cases. Numeri- 
cal values for the pressure and velocity fields are given in 
Figures 7 to 10 and 12 to 16. 

tails of the velocity field are important since they deter- 
mine the quality of the sheets. 

The development is for a Newtonian fluid. However, the 
The  force of the entering jet and the drag of the travel- are to be a good for 

non-Newtonian fluids under practical conditions, using 
the effective viscosity at zero rate of strain. 

Numerical convergence was established by performing 
the for several grid sizes. The grid size used 
for the bulk of the computations vields values within 6% 

ing surfaces convey the fluid forward. The generated pres- 
sure causes the fluid to spread transversely until a terminal 
width is attained. The detailed behavior is seen to be very 
complex. 

I "  

The results provide the basis for the mechanical design 
of equipment for the formation of plastic sheets. The de- 

of the values obtained by extrapolating the grid size to 
zero. 

The industrial processing of highly viscous polymer 
melts involves geometrically complex equipment such as 
screw extruders, extrusion dies, calenders, spinnerets, and 
injection molds. The designer of such equipment is con- 
fronted with a dilemma posed on the one hand by the 
complex rheological behavior of these fluids and on the 
other hand by the mathematical difficulties encountered 
in attempting to integrate the related transient equations 
of motion for nontrivial configurations. The inclusion of a 
shear-dependent viscosity is as difficult as it is important 
for the accurate characterization of the flow ( McIntire and 
Showalter, 1972). The proper design of industrial equip- 
ment requires analysis of the flow in the true geometry of 
interest rather than in a grossly simplified system. The 
combined general problem is beyond current mathematical 
and computational capabilities. Therefore, the design en- 
gineer must choose one of the following alternatives: 

1. Simplify the mechanical configuration but select an 
accurate constitutive equation. 

2.  Assume Newtonian flow but consider the true geome- 
try. 

3. Follow an intermediate approach by considering a 
reasonable approximation of the configuration and a sim- 
ple non-Newtonian model. 

Although a great deal of attention has been given to the 
problem of relating the shear stress to the rate of deforma- 
tion of polymer melts, a simple but generally applicable 
constitutive equation has yet to emerge. The difficulties 
encountered in such studies have diverted serious analysis 
away from the real flow systems in which polymer melts 
are handled commercially. Fortunately, these systems are 
often operated over a sufficiently limited range of low 
velocities so that the dependence of viscosity on shear 
rate can be neglected without significant error. That is, 
although the material is non-Newtonian, the effective vis- 
cosity at zero rate of shear can be used as a reasonable 
approximation for the finite rates of shear which are en- 
countered. For this reason, the second alternative was fol- 
lowed in this study. 

Figure 1 is a generalized representation of the plastic 
sheet forming section of a commercial system (Bortnick 
et a]., 1970). A jet (A)  of highly viscous material is in- 
troduced between two wide, symmetrically opposed, and 
initially convergent traveling surfaces (S1 and S2) .  The 
fluid adheres to the moving surfaces and is conveyed in 
the x-direction by a combination of shear and inertia. At 
the same time, the generated pressure causes the fluid 
stream to spread laterally (in the y-direction) under iso- 
thermal conditions until a terminal width is reached as 
the moving surfaces become parallel. Further downstream, 
the belts become parallel, and the continuously formed 
melt sheet is cooled and frozen allowing it to separate from 
the belts. The location of the unconfined surface of the 

fluid is not known a priori. The velocity distributions de- 
veloped within the fluid determine the alignment of the 
polymer molecules and hence to a large extent the quality 
of the sheet which is produced. The pressure profiles 
which are generated govern the mechanical structure of 
the equipment. Hence, by investigating the effect of 
parameters such as the curvature of the convergent sec- 
tion, the speed of the belts, the sheet thickness, the sheet 
width, the flow rate and the fluid viscosity, sufficient in- 
formation is generated to allow the construction of a work- 
able system. 

This method for forming plastic sheet is asserted by 
Bortnick et al. to be superior to the conventional fixed 
extruder die and take-off rollers process for the following 
reasons: 

1. Since the polymer melt adheres to the traveling sur- 
faces, all defects in the plastic sheet caused by friction 
against the fixed surfaces of an extruder die are eliminated. 

2.  The long cooling section of parallel belts allows con- 
trolled gradient cooling of the melt to yield plastic sheet 
of isotropic characteristics superior to sheet finished on 
the conventional take-off and polishing rollers. 

3. By avoiding the processing step in which the melt 
issuing from a slit die is transferred to a pair of take-off 
rollers, all problems associated with die swell and uneven 
flow distribution across the die are eliminated, 

4. When molten polymers of high molecular weights 
are forced through n fixed slit die at desirable production 
rates, large back pressures are generated which create 
instabilities in the fluxing and pumping equipment and 
result in serious defects in the sheet called flow lines or 
nerve. In the proposed system, the pumping equipment is 
isolated from the sheet forming equipment and the pres- 
sures developed are minimized due to the absence of fixed 

Fig. 1 .  Configuration of the problem. 
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Sl = a(x,y) 
Fig. 2. Bounding surfaces, generalized case. 

surfaces and the ability to distribute uniformly the work 
load throughout the convergent section of the flexible 
belts. 

Two cases of different curvature are presented in this 
paper principally to illustrate the numerical solution. 

MATHEMATICAL FORMULATION 

General Case 
Starting with the Navier-Stokes equations, a mathemati- 

cal model is developed to simulate the incompressible 
Newtonian flow in a region bounded by two nonparallel 
moving surfaces using a three-dimensional extension of 
the two-dimensional treatment employed by Amsden and 
Harlow (1970). The equations of continuity and trans- 
port of momentum may be vectorially represented by 

+ 
v . v = o  (1) 

and 
.., 

+-+ + +  av - + v * (V V )  = - VQ + VVZV + g 
at (2) 

At the two moving surfaces S1 and S2 shown in Figure 2, 
the mass flux is zero, that is, 

Da Db 
Dt Dt 

- - -=o - (3) 

Hence at the lower surface where z = a 

(4 )  
aa aa 

w = u - + v -  
ax aY 

and at the upper surface where z = b 

( 5 )  
ab ab 

w = u - + v -  
ax  aY 

To confine the flow within the bounding surfaces, Equa- 
tions (1) and (2)  are expressed in terms of the Cartesian 
velocity components u, 0, and w and integrated from z = a 
to z = b. Equations (4) and ( 5 )  are then substituted in 
the resulting expressions. Equation (1) reduces to 

The three components of the Equation ( 2 )  transform to 

a 
at ax aY 

b d lb U& + ”l u2dz + - s,” uvdz = 

v2dz = uvdz + - s,” a 
aY 

d s,” vdz + -!- sub 
at ax 

and 

Equations (6)  to (9)  are rigorous consequences of Equa- 
tions (1) and (2 )  but in this form are not amenable to 
general solution. 

Simplification for Smoothly Curved Moving Surfaces 
If the analysis is limited to the practical case in which 

the flexures of the bounding surfaces S1 and S2 are rela- 
tively small in magnitude, the functional dependence of 
the field variables on the vertical space variable z may be 
approximated as 

u(x, y, z ,  t )  = u(x, y, t )  . f ( z )  

(10) 
(Z - a ) U b  + ( b  - Z : I u ,  + 

( b  - a )  
and 

v ( x ,  y, 2, t )  = v (x ,  y, t )  * f ( z )  

(11) 
( z  - b)Vb + ( b  - z)Va 

( b  - a )  
+ 

For the case of noslip walls moving parallel to themselves 
and not changing shape, f ( z )  is a parabolic function van- 
ishing at the walls, and u,, u b ,  v, and Vb are functions of 
x and y only. 

Using Equations (10) and (11), the integrals in Equa- 
tions (6) to (9)  can be evaluated. To obtain a convenient 
frame of reference, f ( z )  can be equated to unity on some 
surface that lies between the bounding surfaces; on this 
surface u(x,  y, t )  and v(x,  y, t )  are the actual velocity 
components. To avoid specifying f ( z )  , a (x, y)  and b ( x ,  y ) 
at this stage the following entities are defined: 

h(x, y) = b(x, y) - a(x, y) (12) 

(13) 

(14) 

4 x 7  y) = s,” f ( z ) d z  
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a = Y(b) - P ( a )  (17) 
Starting with Equation (6) ,  u and u are replaced with 

the right-hand side terms of Equations (10) and (11) and 
the integral terms are evaluated yielding 

aur aur - +- + M B C = O  
ax ay 

The term M B C  reflects the movement of the two surfaces 
and is defined as 

The integration of Equations (7) and (8)  is rather 
lengthy; the right-hand sides of Equations (10) and (11) 
are again substituted for u and 0, each term is then inte- 
grated with respect to z .  Whenever the integral of f ( z )  
appears, it is replaced by one of the definitions in Equa- 
tions ( 12)  to ( 17). The momentum equations transform 
to 

- +- +-=-h-  aur aU2s auus a4 
at  ax ay ax 

a2U a% 
f vr (7 + F) + vua! + g, + M B X  ( 2 0 )  

where 

where 

By incorporating the variation of u and u with respect to 
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z into Equations (18) to ( 2 2 ) ,  Equation (9) is essen- 
tially eliminated. The resulting equations completely de- 
fine the flow in the region bounded by the two moving 
surfaces S1 and S2. ?'he presence of these surfaces is 
manifested in h, r, s, and a, while their movement is de- 
picted by M B C ,  M B X ,  and M B Y .  

Equations ( 18) to ( 2 3 )  are particularly suitable for the 
numerical solution of flow problems in a region bounded 
by two rigid surfaces of complex configuration. Both, the 
nature of the confining surfaces, as defined by z = a(x, y )  
and z = b (x, y) , as well as their movement as defined by 
U ( x ,  y) and V ( x ,  y)  have been maintained in general 
terms. When applied to the special case illustrated in Fig- 
ure 1, the moving boundary terms M B C ,  M B X ,  and M B Y  
simplify considerably. The curvature and movement of 
the surfaces S1 and S2 are symmetric about the x-y plane. 
V, and vb ,  the y-components of velocity at the confining 
surfaces, vanish. The x-components U ,  and Ub are equal 
and a function of x only, that is, U ,  = Ub = U ,  (x) . Thus, 
Equations (19),  ( 2 2 ) ,  and ( 2 3 )  reduce to 

a 
ax ( 2 4 )  M B C  = - (hU,) 

a d 
M B X  = - - (hU,2) - 2 - (urU,) 

ax ax 

and 

METHOD OF SOLUTION 

Representation of the Fluid and the Computational Mesh 
The Marker-and-Cell (MAC) method (Harlow and 

Welch, 1965) was chosen for the numerical calculations 
because of the presence of a free surface at the lateral 
fluid boundaries, whose position varies with time in a man- 
ner not known a priori. This method employs two coordi- 
nate systems. 

The primary coordinate system covers the entire domain 
of interest with a rectangular grid of cells, each with di- 
mensions Sx and Sy. The cells are numbered by indices i 
and i, with i counting the columns in the x-direction and i 
counting the rows in the y-direction. The field-variables 
values describing the flow are directly associated with 
these cells; their points of definition are shown in Figure 
3.  The indicated layout of the variables u, 0, a, +, and D 
was chosen in the original MAC development to attain 
rigorous conservation of mass without involving cells be- 
yond those which are contiguous to the cell of interest. 
The variables r, s, a, and h do not appear in the MAC 
arrangement; they are a consequence of the transforma- 
tions carried out in the previous section. Their location 
within the cell was selected to match the position of the 
MAC variables. This arrangement which involves calcu- 
lating two sets of values for each variable, one set located 
at cell centers and another at the grid center, was found 
to be stable and accurate. 

The second coordinate system is that of the marker 
particles which describe the Lagrangian trajectories of the 
fluid elements. These particles delineate the location of 
the fluid surface. They move through a network of Eulerian 
cells which are flagged to denote whether they are empty 
( E ) ,  full and at the surface (S),  or full and not adjacent 
to an empty cell ( F ) .  In addition, the network is sur- 
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rounded by a frame of boundary cells ( B )  which may also 
contain particles, in which case they are either inflow or 
outflow boundaries; or may be empty representing rigid 
walls. This labeling is illustrated in Figure 4. These parti- 
cles contribute nothing to the dynamics. They enter the 
calculations only in that they determine the location and 
orientation of the free-surface, that is, the finite-difference 
equations are solved only in the region of the rectangular 
mesh that contains marker particles. 

Finite Difference Solution 

in two-dimensional flow, is defined as 
The quantity (Q), which is analogous to the vorticity 

j+?2 - - - 

J - - - ' I  

j - I ,  - - - 

In this case, however, Q is restricted to incompressible 
flow between two surfaces implicitly delineated by a(x ,  y ) ,  
b(x,  y ) ,  and ~ ( x ,  y )  as described earlier. Just as in the 
usual vorticity equation, the equation for the transport of 
Q is independent of the pressure. Therefore, by inserting 
an arbitrary pressure field into Equations ( 2 0 )  and ( 2 2 )  
a tentative velocity field which carries the correct values 
of the pseudo vorticity Q is obtained. The arbitrary pres- 
sure field will not, however, assure the vanishing of the 
discrepancy term D, defined as 

* 
V * V = D  ( 2 8 )  

However, if the tentative velocity field is corrected by the 
addition of the gradient of an appropriate potential func- 
tion +, the pseudo vorticity Q remains unaltered and the 
true velocity field will be uniquely determined. 

The finite-difference approximations (FDA) for Equa- 
tions (18), ( 2 0 ) ,  ( 2 2 ) ,  and ( 2 7 )  are written in explicit 
(retarded-time) fluxes. Details are given by Hazbun 
(1971). The cell-centered terms for the convection of 
momentum are expressed in a special differencing code, 
referred to as ZIP-type. This technique eliminates negative 
diffusion-like truncation errors and ensures conservation 
of momentum at rigid boundaries (Hirt, 1968). Because 
the FDA for the momentum transport Equations ( 2 0 )  and 
( 2 2 )  are explicit, the tentative velocity field can be deter- 
mined directly. The calculation of the true velocity field 
must, however, be performed in such a way as to preserve 
the value of Q at every interior point and simultaneously 

n ------ 

"i+%, j 
0 , .  $ . .  r .  

1 3  1J i++,j 
( 1  s .  r .  .. 5 . .  i+%,j 

a.. 1J h.. 11 "i+h,j 
hi+%, j 

D.. 
13 

U. 
i - % , j  1J 1, 

V. i , j - %  
Y - . ------ 

B = Boundary ( Inf low,  O u t f l o w ,  F r e e s l i p  or Nosl ip)  
E = Empty (No marker  p a r t i c l e s )  
F = F u l l  (Conta ins  p a r t i c l e s  and i s  n o t  a d j a c e n t  

S = Sur'Cncc (Conta ins  p a r t i c l e s  b u t  i s  exposed 
on one or more s ides )  

Fig. 4. Cell labels ond computing mesh. 

t o  an Empty c e l l )  

satisfy continuity. To achieve this, a corrective expression 
in terms of the space gradients of the potential function + 
is introduced. This results in a Poisson equation in (J which 
must be solved prior to obtaining the final correct veloc- 
ities. These final velocity components are calculated for all 
faces of F and S cells except for the exposed sides of S 
cells. On the mesh boundary, the change in velocity will 
be zero when #outs& = +inside, except for continuative out- 
flow boundaries where the velocity is adjusted by the 
gradient in #. 

The final velocity components represent the velocity 
field relative to the moving surfaces and cannot as yet be 
used to move the marker particles. The true fluid velocity 
components relative to the Eulerian mesh are first calcu- 
lated. The two-dimensional velocity field in any of the 
horizontal planes lying between the two moving surf aces 
S1 and S2 may be computed from Equations (10) and 
(11). For simplicity, however, only the central plane at 
which f ( z )  = 1.0 is considered, and the true velocity com- 
ponents ut and vt are calculated in this plane for all F and 
S cells. These velocities are then used to move the marker 
particles by means of an area-weighting scheme analogous 
to that devised by Amsden and Harlow ( 1970). 

Sequence of Operations during a Cornputotionol Cycle 

Prior to starting the cyclic advancement of the flow field, 
the problem is defined by specifying 

(1)  the shape, velocity and separation of the moving 
surfaces, 

( 2 )  the dimensions of the inflow region and the veloc- 
ity profile of the incoming fluid. The inflow boundary is 
on the left side of the computational mesh. I t  may be as 
narrow as one cell or it may span the whole left side. 

(3 )  the dimensions of the outflow boundary on the right 
side of the computational mesh. The outflow may be con- 
tinuative or of prescribed velocity. 
(4) the boundary conditions at the remaining sides of 

the rectangular Eulerian mesh. Free-slip is specified for a 
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line of symmetry or no-slip for a rigid wall. 
(5) the initial fluid configuration within the mesh. This 

is set by means of marker particles. In the case of free- 
surface flows the region may be empty or partially full. 
For confined flows, the mesh is filled with fluid-marker 
particles. 

The cells are flagged: (Inflow, Outflow, Free-slip or 
No-slip), and then the following sequence of events by 
which the configuration is advanced from one time-step to 
the next is performed. 

1. The pressure and velocity fields within the fluid are 
know either as a result of the previous cycle of calculation 
or from the prescribed initial conditions which may be 
arbitrary. 

2. Surface cell velocities on empty cell faces are forced 
to satisfy continuity [Equation (IS)].  

3. The pressure field is adjusted to satisfy the normal 
stress condition at the fluid surface as discussed later. 

4. The velocities just outside the free surface are ad- 
justed to satisfy the tangential stress condition. 

5. The wall boundary conditions are used to set the 
tangential velocities across the walls. 

6. A tentative velocity field of advanced-time velocities 
is calculated within the fluid using explicit FDA of Equa- 
tions (20) and (22). The correct velocities at the bound- 
aries ensure that this tentative velocity field contains the 
correct pseudo-vorticity Q at every interior point. The 
tentative velocities do not necessarily conserve mass. 

7. Applicable values are set for $ in all free surface and 
boundary cells. 

8. The solution of the Poisson equation in + is per- 
formed through an iterative process that circulates among 
all full cells. 

9. The final velocity field is then calculated by adding 
the x and y gradients of $ to the corresponding components 
of the tentative velocity field. 

10. Surface cell velocities are readjusted as in steps (2) 
and (3)  to satisfy continuity and the tangential stress 
condition. 

11. The across-the-wall tangential velocities are reset 
as in step (5). 

12. The correct and complete velocity field calculated 
above is the two-dimensional field in the horizontal plane 
at which f ( z )  = 1.0 in Equations (10) and (11). It gives 
the velocity components relative to the moving surfaces. 
Equations (10) and (11) are therefore used to calculate 
the true velocity field relative to the Eulerian mesh. 

13. The marker particles are moved according to the 
true velocity components in their vicinity. 

14. Adjustments are made for the passage of marker 
particles across the cells and the inflow-outflow boundaries. 
The cell matrix is then reflagged completing one cycle of 
the calculations. 

This sequence is repeated for as many time steps as de- 
sired. A few hundred cycles are usually needed to reach 
steady state. 

Boundary Conditions 
With the exception of the boundary conditions at the 

moving surfaces which were incorporated into the working 
equations the flow conditions at the lateral boundaries 
have not been defined. This is in accordance with the MAC 
method in which the numerical procedure is maintained 
as general and as flexible as possible with respect to bound- 
ary conditions. In addition to the moving boundaries this 
study is concerned with a prescribed set of rigid walls that 
may be no-slip or free-slip, inflow and outflow boundaries, 
and a free fluid surface whose position is transient. The 
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rigid walls may partially confine the fluid in the lateral 
directions or may simply bound the computational mesh 
within which the fluid is laterally confined by a free sur- 
face that is independent of the rigid walls. Inflow bound- 
aries have prescribed conditions of fluid influx through 
them, while outflow boundaries allow fluid outflw with 
minimal disturbance to the fluid remaining in the region 
of the calculations. 

The requirement of zero momentum-flux across a free 
fluid surface forms the basis of the numerical formulation 
of the boundary conditions in all surface cells. The in- 
ternal viscous stresses at the fluid surface are balanced 
against the external forces resulting in two sets of bound- 
ary conditions; one is applied normal to the surface and 
the other is tangential to the free surface. Clearly then, 
the exact application of these conditions requires an ac- 
curate knowledge of the free-surface location and orienta- 
tion. This presents some difficulties which complicate the 
numerical procedure and force a compromise between ac- 
curacy and numerical complexity. 

In the original MAC method (Harlow and Welch, 
1965), the free surface boundary conditions were based 
on : 

1. setting the velocity components in all surface cells 
so as to satisfy continuity. 

2. equating internal surface pressure to applied pres- 
sure. This treatment does not give the proper viscous stress 
at the surface and is only valid if the coefficient of viscosity 
is sufficiently small. In this problem, which involves fluids 
of high viscosity, such conditions proved to be inadequate. 
They resulted in very uneven fluid surfaces that failed to 
represent the observed fluid behavior. 

The need for careful utilization of the correct boundary 
conditions had been recognized by the Los Alamos group 
from the start; but the difficulties of applying these con- 
ditions were only recently resolved by Nichols and Hirt 
(1971). Their treatment is based on the inclusion of the 
correct tangential and normal, free-surface, stress condi- 
tions. This gave rise to a nonzero pressure at the center 
of surface cells which required delineating the fluid sur- 
face and appropriately adjusting the Poisson equation for 
pressure. Due to the different formulation in this study, the 
Poisson equation encountered is that for the potential func- 
tion $ rather than the pressure. This problem was over- 
come by the use of the pseudo-pressure field 0 which had 
an arbitrary value within the fluid but the correct value in 
all surface cells. A scheme was then devised for calculating 
the correct pressure at the cell centers by interpolation 
from the values calculated at the fluid surface. This in- 
terpolation technique, which is described in detail by 
Hazbun (1971), depends on keeping a particle count in 
each cell which is updated at the end of each time-cycle. 
The interpolation factor is then estimated from the ratio 
of the number of particles in each surface cell to the 
average number of particles in the adjacent full cells. 

NUMERICAL CALCULATIONS 

The numerical procedure outlined above was coded for 
the IBM 360/75 system. A complete listing of the Fortran 
IV programs is given by Hazbun (1971). For illustrative 
calculations of the time-dependent flow in the configura- 
tion shown in Figure 1, the following form of the similarity 
function f ( x )  defined by Equations (10) and (11) was 
selected: 

(29) 
( b  - z )  ( z  - a )  

ab f ( z >  = 

which is parabolic in x .  For the symmetric case u = b = 
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~ f r .  h/2, this reduced to 

The expressions r ( x ,  y ) ,  s(x, y) ,  and a(x,  y)  defined in 
Equations (13),  (14),  and (17) were then evaluated in 
terms of h (x, y) by appropriate integration or differentia- 
tion in the finite region & h/2. Initially, at t = 0, the flow 
region was empty of fluid and the moving surfaces were 
traveling at a constant linear velocity U .  The velocity 
profile of the incoming stream was specified such that if 
the fluid inlet velocity were equal to that of the moving 
boundaries a uniform profile would be selected. On the 
other hand, if the inlet velocity were higher or lower than 
that of the belts, then a parabolic profile would be calcu- 
lated to match Equation (30). This method of setting the 
inflow conditions eliminates the creation of a discontinuity 
in the velocity profile at the point of contact between the 
incoming fluid and the moving belts, which would other- 
wise lead to numerical instability. It is based on the 
premise that as soon as the fluid contacts the moving sur- 
face it adheres to it and therefore assumes the same veloc- 
ity at the points of contact. 

The flow conditions that were investigated covered a 
range of parameters of practical interest as summarized in 
Table 1. The conditions and results for two cases are sum- 
marized in Table 2. These cases illustrate the solution for 

TABLE 1. RANGE OF PARAMETERS INVESTIGATED 

Kinematic viscosity 1.67-6.04 m2/s 
Flow rate 0-0.101 kg/s 
Linear speed of traveling surface 
Terminal thickness of flow stream 
Terminal width of flow stream 

4.23-25.4 mm/sec 
2.54-7.62 mm 
0.371-1.524 m 

Reynolds number, uml/v  0.0025-0.5 
Euler number, pm/pum' 0.0002-0.5 

TABLE 2. CONDITIONS AND COMPUTATIONAL CRITERIA 

Type of moving surfaces 
Velocity profile at inlet 
Inlet velocity at z = 0, mm/s 
Linear speed of belts, mm/s 
Stream width at inlet, m 
Belt separation at inlet, mm 
Flow rate, (kg/s) x 102 
Fluid viscosity, m2/s 
Length of convergent section, 

Length of parallel section, m 
Final stream width at outlet, 

Belt separation at outlet, mm 
Grid cells for 1/2 of flow field 

m 

m 

(1, J )  
Cell size, 6x x 6y, mm 
Time interval. 6t. s , ,  

Over-relaxation parameters, 

Convergence criterion, E 
No. of marker particles at 

steady state 
Elapsed time to reach steady 

state ( s )  
Total number of cycles cal- 

culated 
CPU time, s 

L p t  

Case I 

Straight 
Uniform 
4.64 
4.64 
0.1355 

19.05 
1.64 
6.04 

0.406 
0.1016 

0.457 
6.35 

22 x 17 
25.4 x 16.93 
0.6 

0.28 
10-5 

2840 

210 

400 
732 

Case I1 

Elliptical 
Parabolic 
8.66 

11.62 
0.1355 

38.1 
5.04 
3.02 

0.864 
0.1524 

0.914 
5.08 

22 x 17 
50.8 x 33.9 

1.2 

0.43 
10-5 

1380 

180 

170 
307 

two types of traveling surfaces: straight and elliptical- 
convergent. 

The majority of the computations were performed over 
one half of the flow field using a 17 x 22 grid. The total 
number of cells involved in the calculation depended 
on the initial flow conditions and varied from one time- 
step to the other. All 374 cells, however, had to be checked 
as to whether or not they contained fluid particles at every 
step of the calculation. The number of particles used to 
represent the fluid was maintained at an average of 8 
particles per cell. Finer free-surface resolution was ob- 
tained when more particles were used per cell; however, 
this was coupled with an increase in core requirements 
and computation time. For the above grid-and-marker 
particle distribution, a computation took between 0.5 and 
10.0 sec. per time-step, dependent on the amount of 
fluid in the system during that time step. A typical flow- 
development run required 600 sec. of computer time 
(CPU) to converge to the steady state condition. For 
the finer grid spacings the computations took a corre- 
spondingly longer time but, for the shorter time-steps, 
the increase in CPU time was moderated by the faster 
convergence of the successive-over-relaxation solution to 
the Poisson equation. The results obtained with the in- 
dicated grid and number of cells agreed to within 6% 
with the values obtained by extrapolating the grid size 
to zero. 

Not all runs were started with no fluid in the system. 
Indeed, if only the final steady state was of interest, then 
a flow field approximating that expected at the steady 
state was constructed by introducing marker particles 
with the appropriate velocities into the computation mesh. 
By using the steady state flow configuration of one case 
as the starting conditions for a slightly different one, the 
number of time cycles required to reach the new steady 
state could be reduced to less than one quarter of those 
that would otherwise be required. 

The relative convergence criterion E for the Poisson 
equation was set at for most runs. This value 
achieved rigorous conservation of mass in all cells, that 
is the divergence-discrepancy D rarely exceeded 
for internal cells and 10-5 for surface cells. Useful re- 
sults were, however, obtained with higher values of E ,  

for example, most of the trial runs used 10-3 or 10-4. 
With these values the number of iterations required for 
convergence was more than halved. 

The time-step 6 t  also had a significant effect on the rate 
of convergence. For a given value of E ,  halving 6t  de- 
creased the number of iterations by approximateIy 60% ; 
but, because the Poisson equation solution usually consti- 
tuted less than 35% of the overall calculations per cycle, 
it was more economical to use as large a 6t as allowable 
within the accuracy and stabiIity requirements. 

The most sensitive check for steady 'state convergence 
was found to be the relative change in the peak pressure 
from one time-step to the next. This may be expressed as 

A value of for egg was found adequate. 

RESULTS AND DISCUSSION 

Flow Characterization Results 
The flow pattern developed during the passage of a 

fluid stream between two moving convergent surf aces 
establishes the pressure between these surfaces. Knowl- 
edge of the pressure profiles within the flow field is cru- 
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I I  I J 

I 108 seconds I 120 seconds 1 

1 1 

Fig. 5. Development of steady state laminar flow between two non parollel moving surfaces. Case I-Straight convergent surfaces. 

Fig. 6. Development of the free fluid surface. Case I-Straight con- 
vergent surfaces. 

cia1 to the proper mechanical design of the sheetforming 
system. For this reason two complete flow-characteriza- 
tion cases are described in this Section and presented in 
Figures 5 to 16. 

In Case I, straight convergent surfaces with a slope of 
1 :60 were considered; while, in Case 11, elliptically curved 
surfaces with inlet and outlet separations of 38.1 and 5.08 
mm, respectively, were studied. 

For all the following graphs, the fluid was introduced 
at time t = O+ into the system through a central section 
in the left hand side boundary. When the fluid reached 
the outflow boundary at the right hand side, it was re- 
moved from the system at a rate governed by the work- 
ing equations. 

To properly describe the flow patterns vast amounts 
of tabulated data listing all the cell variables are needed. 
Such data, however, cannot be easily interpreted and are 
almost useless in helping to visualize the flow pattern. For 
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Fig. 7. Case I-Velocity distributions and pressure profiles a t  t = 
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this reason, the results are presented in several types of 
plots which follow. 

Care 1. Straight Convergent Surfaces 

Figure 5 consists of a set of particle configuration plots, 
which were made by plotting the x and y coordinates of 
all the marker particles in the z = 0 plane, viewed from 
above the upper belt surface. These pictures show the 
relationship of the fluid to the system at a sequence of 
times during the development of the flow. The particles 
may be thought of as marking the instantaneous position 
of the fluid molecules in the system relative to the con- 
fining boundaries. Scanning vertically along the columns 
of inflow particles allows their interpretation as Lagran- 
gian time-lines. The motion of the fluid could be simu- 
lated by projecting on a screen a sequence of these frames. 
This is impractical on a digital plotter but could be per- 
formed on a microfilm recorder. In Case I, 400 time- 
cycles were calculated; therefore, an equivalent number 
of such plots could have been generated. 

Figure 6 depicts the location of the free-fluid boundary 
at several time-steps. The slow approach to steady state 
can clearly be seen as the elapsed time t exceeds 180 
seconds. In the computer program the normal and tangen- 
tial stress conditions of the free surface were applied at 
angles of 0, &45", ?goo, +135", or -180". The effect 
of this approximation on the free fluid boundaries is ap- 
parent in Figure 6. In  this case, where the sloping regions 
of the boundary have a true angle of 2 3 0 "  to +40" to 
the horizontal (x-axis), the stress conditions were applied 
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Fig. 8. Case I-Velocity distributions and pressure profiles at t = 
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at 0" in some cells and 245"  in others resulting in the 
slight waviness that can be seen in the free boundary. 

Figures 5 and 6, although assisting visualization of the 
flow, do not provide quantitative information on the flow 
field. Such data are presented in Figures 7 to 10. These 
plots give a complete set of velocity distributions and 
pressure profiles at the indicated elapsed times. The values 
in Figures 7 to 10 were plotted exactly as computed with- 
out any smoothing. Each figure consists of three parts 
drawn on the same x-scale. The upper two parts represent 
the distributions of the x-component of velocity in the y 
and z directions respectively, all velocities being shown 
relative to the moving belts. The lower part gives the 
pressure field in the system in the form of pressure profiles 
at different values of y. The magnitude of the velocity 
vectors in both velocity plots may be determined by com- 
paring their lengths with that of the velocity vector for the 
moving belts given in the middle plot. A study of Figures 
7 to 10 gives a clear picture of the flow pattern, the mag- 
nitude of the velocities encountered, the pressures gen- 
erated, and the nature of the flow. From these plots it 
may be concluded that initially the fluid is conveyed for- 
ward by a combination of shear pressure and inertial flow. 
The drag and inertial flow tend to move the fluid in the 
x-direction while pressure spreads the fluid laterally. As 
the separation between the moving belts narrows, pressure 
flow dominates and the fluid is essentially pumped into 
the parallel section of the traveling surfaces. The transi- 
tion from drag flow to pressure flow takes place at a short 
distance (38 mm in Case I )  from the point where the 
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Fig. 9. Case I-Velocity distributions and pressure proties a t  t = 
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Fig. 10. Case I-Velocity distributions and pressure profiles a t  t = 
180 sec. 

belts become parallel. This transition is marked by a peak 
in the pressure profiles and a reversal in the direction of 
the flow relative to the moving belts. The fluid stream 
flows into the parallel section at an average forward veloc- 
ity higher than that of the traveling surfaces. This excess 
velocity gradually decreases as the fluid stream approaches 
the outflow boundary. 

Case II. Elliptically Curved Surfaces 

No particle configuration plots are presented for Case 
11. The development of the free fluid boundary is shown 
in Figure 11 at less frequent intervals than in Case I to 
allow easy interpretation. The same waviness may be seen 
in the sloping parts of the free surface as that observed in 
Case I. The stream in this case is made to spread to 0.914 
m, twice as wide as in Case I. 

Figures 12 to 15 depict the same general flow behavior 
although considerably higher pressures are generated. In 
this case, the transition from drag flow to pressure 00w 
occurs at 0.178 m from the end of the convergent position, 
which is twice the distance observed in Case I relative 
to the dimensions involved. This is due to the different 
curvatures of the moving boundaries. It is significant to 
note that the peak in the pressure profiles does not exactly 
coincide with the point at which the reversal in the flow 
relative to the belts takes place. A probable explanation is 
that at the much higher velocity and lower viscosity in- 
ertia may be significant enough to cause the difference in 
the location of the pressure peaks. The decrease in the 
velocity on reaching the parallel section is more gradual 
than in Case I. This is most likely due to the larger stream 
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width and lower thickness. Readjustments in the flow ap- 
pear to take place first at the edges of the stream and 
then propagate to the center. Thus for a wide stream the 
decrease in the average velocity within the parallel section 
occurs more gradually than for a narrower but thicker 
stream. 

Finally, the difference in the flow pattern at the inlet 
is significant. The fluid stream entered the system in Case 
I at a uniform velocity; it quickly readjusted to a parabolic 
profile as seen in Figure 9. In Case 11, as shown in Figure 
13, the inlet fluid stream possessed the correct profile but 
had an average velocity that was too low to match the 

Fig. 11. Development of the free fluid surfaces. Case Il-Elliptically 
curved surfaces. 
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Fig. 12. Case Il-Velocity distributions and pressure profiles at t = 
48 sec. 
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flow conditions, resulting in a slight necking of the fluid 
stream. This decrease in width disappeared as steady state 
was approached as indicated in Figure 14. 

The flow conditions at the inlet do not appear to influ- 
ence the flow far downstream. The difference in the inlet 
veIocity relative to the belts is clearly reflected in all the 
pressure profiles of Case 11. A comparison of the pressure 
traces of Case I with those of Case I1 reveals that the 
pressures generated in the entrance region, when scaled 
to the corresponding peak values, are considerably lower 
in Case I1 than in Case I. This difference, however, ex- 
tends only two to three inlet-widths downstream. 

Figure 16 shows the lateral ( y-direction) velocity pro- 
files for three time-intervals as the flow approaches steady 
state. The y-velocity field was calculated for each case but 
is presented here only for Case 11. The profiles show that 
lateral flow initially takes place throughout the flow field. 
When the steady state is reached ( t  = 3.2 min.), most 
of the lateral spreading takes place in the first two-thirds 
of the flow field. The magnitude of the lateral flow at cer- 
tain parts of the free surface exceeds half that of the for- 
ward velocity of the belts. The magnitude of the velocity 
vectors may be determined by comparison with the scale 
vector in the top left-hand corner of each plot. 

Confirmation and Applicotion of Results 

The second invariant of the rate of deformation tensor 
was calculated for the steady state to evaluate the assump- 
tion of Newtonian behavior. This quantity varied from 
0.00015 to 0.0085 sec.-2 for Case I and from 0.0026 to 
0.055 sec.-2 for Case 11. 
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Fig. 13. Case Il-Velocity distributions and pressure profiles a t  f 1 
96 sec. 

Good agreement of the computed pressures and center- 
line velocities and experimental values for Case I was 
demonstrated by Hazbun (1971). This comparison and 
the application of the computer program to the mechanical 
design of a system for the forming of plastic sheets will 
be presented in a subsequent paper. 
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N O T A T I O N  

a 

b 

= function defining location of lower moving sur- 

= function defining location of upper moving sur- 

= discrepancy term, D = V * V,  s-1 

face: z = a(%, y),  m 

face: z = b(x,  t j ) ,  m 
4 

D 
f ( Z )  = similarity transformation function, defined by 

Equations (10) and (ll), dimensionless 

g = gravitational force, m/s2 
h 
1 
pm = peak pressure, N/m2 
Q 
R,, R, = functions defined by Equations (15) and (16), 

-+ 

= vertical separation between moving surface, m 
= width of fluid stream at exit, m 

= pseudo vorticity defined by Equation (27),  s-l 

m2/s 

TOP VIEW AT 2 = 0 
O A  . X - V E L O C I I Y  RELAIIVE TO YOVIHG EEL 

BELT5 BPEEO i I I  6 1  m n / s  

+- 
15 

E lo 
€ 5  
I 0  
9 
w -5 

-10 
-15 

c 

I 

0 0.2 0.4 0.6 0.8 I .o 

Fig. 14. Case II-Velocity distributions and pressure profiles at t = 
120 sec. 

DISTANCE FROM INLET meters 

Page 496 May, 1973 AlChE Journal (Vol. 19, No. 3) 



I 

0.4 

f 0.2 
c 
W 
E 

0.4 

f 0.2 

E 
I 0  

3 -0.2 

W 
c 

c- 
Q 

- 0.4 

15 

E 

+- 
0 

I 

E 5  

1 0  

w -5 

-10 

-15 

55.2 
E 

3 41.4 
W 
IY 

cn 
W 

-. 

2 27.6 

a 
a 13.8 

n 

. rap VIEW A T  z = o 

I 

- 
0 0.2 0.4 0.6 0.8 1.0 

DISTANCE FROM INLET meters 

Fig. 15. Case Il-Velocity distributions and pressure profiles at t = 
192 sec. 

r 
S1 
S2 
s 
t = time, s 
U 

u 

u, 
V 

V 

= integral of f ( z )  in the range z = a to b, m 
= lower moving surface defined by z = a(%, y), m 
= upper moving surface defined by z = b(x,  y), m 
== integral of f ( z ) 2  in the range z = a to b, m 

= velocity component of one of the moving surfaces 

= horizontal velocity component of the fluid rela- 

= maximum value of u, m/s 

= fluid velocity vector with Cartesian components 
u, v, and w, m/s 

= when subscripted with a or b indicates the veloc- 
ity component, of one of the moving surfaces, in 
the Y-direction, m/s 

u = lateral velocity component of the fluid relative to 
that of the moving surfaces, m/s 

w =I vertical velocity component of the fluid in the z- 
direction, m/s 

X, 1c = Cartesian coordinates, horizontal direction, m 
Y, y =I: Cartesian coordinates, lateral direction, m 
2, z = Cartesian coordinates, vertical direction, m 
IY = friction term defined by Equation (17), m-1 
8 = finite difference increment, dimensionless (for ex- 

6 = convergence criterion I ( I w I  - I W + ~ I ) / ( I Q ~ ~  + 
egg = convergence criterion for steady state, defined by 

in the x-direction, m/s 

tive to that of the moving surfaces, m/s 

-9 

ample, 6x,  6y) 

Ian + I ) 1, dimensionless 

Equation (31),  dimensionless 
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Fig. 16. Case Il-Lateral velocity profiles a t  Z = 0. 

B 

p = viscosity N*s/m2 
Y = kinematic viscosity, m2/s 
p = density, kg/m3 
cp 
t,h = potential function, s-1 
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